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Abstract
In this article we discuss the coupling between dark energy and matter by considering
homogeneous tachyonic scalar field as candidate of dark energy. We obtain the functional
form of scale factor by assuming the coupling strength is linear function of Hubble pa-
rameter and energy density. We calculate cosmic age of the universe for different value of
coupling constant.
1 Introduction
In the year 1998 type Ia Supernova observation[1, 2] reveals the accelerated expansion of the
universe. The idea of dark energy has been introduced to explain the observed accelerated
expansion of the universe. The one remarkable feature of dark energy is its negative pressure
which leads to its negative equation of state (ωde). The negative pressure of dark energy
dominate over with ωde < −1/3 giving rise to the cosmic acceleration. In all possible candidate
of dark energy, the cosmological constant is one of the simplest candidate with equation of state
ωλ = −1. The Cosmological constant in constant dark energy model suffer two serious issues
namely the coincidence problem as well as cosmological constant problem. To confront these
two open problem interacting dark energy model proposed by a number of authors [3, 4, 5, 6,
7, 8, 9, 10, 11, 12, 13] and consider the dynamical behaviour of dark energy.
In all of the interacting dark energy models a transfer of energy between the dominant
components of the universe has been considered. The term Interaction in the interacting
dark energy model thus mainly concern the transfer of energy between dark energy and other
components via some coupling term Q. The one of major challenge in the interacting dark
energy model is to fix the exact functional form of coupling term Q. In the literature[3, 4, 5,
6, 7, 8, 9] different linear form of coupling term have been discussed.
In the absence of fundamental theory of dark sector physics the choice of coupling strength
in interacting dark energy model might be purely phenomenological. One of the motivation
to fix the form of coupling term is its dimensional argumentativeness with left hand side of
continuity equation of energy of components of the universe. The form of coupling strength
might be either linear function of energy density and Hubble parameter of the field or function
of first time derivative of energy density. Recently it has been concluded that coupled dark
energy and dark matter scenario with both energy and momentum exchanges helps realizing
φMDE model as well as weak gravitational interaction at low red shift[14].
In this article we have discussed scaling solution of energy density in two components uni-
verse dominated by dark energy as scalar field and another component is dust matter. These
two components are interacting via transfer of their energy into each other.
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2 Background theory and motivation
In this section we discuss a brief introduction of working background theory of interacting dark
energy model. The FLWR metric for flat(K = 0) universe given as
ds2 = −dt2 + a2 (t) (dxi)2 = gµνdxµdxν (1)
where a(t) be the expansion scale factor. Einstein field equation for the above metric (1) provide
the following form of Friedmann equations
H2 =
8piG
3
(ρm + ρde) (2)
Where ρm, ρde are energy density of dust matter and dark energy receptively. We consider
the dark energy is not constant with cosmic time while it is dynamical. Although cosmological
constant is a potential candidate of constant dark energy but we assume scalar field is candidate
of dynamical dark energy. A number of scalar fields (quintessence, phantom, tachyonic etc.)
introduce in physics in different context. We scrutinize the dynamical behaviour of tachyonic
scalar field in interacting dark energy model by assuming one of the candidate of dynamical
dark energy is tachyonic scalar field. The Lagrangian of this scalar field appears in string theory
in the formulation of tachyon condensate[15, 16, 17] given as
L = −V (φ)
√
1− ∂µφ∂µφ (3)
and corresponding equation of motion for the spatially homogeneous tachyonic scalar field is
written as
φ¨
1− φ˙2
+ 3Hφ˙+
V ′(φ)
V (φ)
= 0. (4)
The energy-momentum tensor can be given as,
T µν =
∂L
∂ (∂µφ)
∂νφ− gµνL. (5)
From the energy momentum tensor (5), its 00 component gives the energy density while its 11
component leads to pressure for the tachyonic scalar field given as
ρ =
V (φ)√
1− ∂µφ∂µφ
, (6)
and
p = −V (φ)
√
1− ∂µφ∂µφ. (7)
For the spatially homogeneous tachyonic scalar field we have the following form of energy
density and pressure,
ρ =
V (φ)√
1− φ˙2
; p = −V (φ)
√
1− φ˙2. (8)
3 Interaction between the components
As we consider the two dominated components of the universe are spatially homogeneous tachy-
onic scalar as candidate of dynamical dark energy and another one the dust matter. These two
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components interacting via transfer of their energy. The continuity equation leads to conserva-
tion of energy of two-components under non-interacting case as follows,
ρ˙φ + 3H (1 + ωφ) ρφ = 0 (9)
and
ρ˙m + 3H (1 + ωm) ρm = 0. (10)
During interaction there is individual violation of conservation of energy while the total energy
is conserve. Thus, the following form of conservation of energy equations with interacting term
Q.
ρ˙φ + 3H (1 + ωφ) ρφ = −Q (11)
ρ˙m + 3H (1 + ωm) ρm = Q
In the absence of fundamental theory of dark sector it might be possible number of linear
and non-linear functional form interaction term Q. One can fix the functional form of based
on purely phenomenology which should be dimensionally compatible with left hand side of
either (11) or (12). Thus, it is natural that the coupling parameter Q should be function
of energy density, Hubble parameter or the time rate change of energy density of components.
Based on phenomenological motivation a number of authors[18]-[22] proposed the different form
of interaction term in the interacting dark energy model. In our model we consider specific
functional form of coupling term which is linearly proportional to Hubble parameter H as well
as energy density ρφ of tachyonic scalar field. This type of coupling term also has been given
in literature[23]. Thus, we have following expression for interaction term Q
Q = αHρφ (12)
where α be the proportionality interaction constant. One can solve the (11) and (12) for
given interaction strength (12) and found the following scaling solution of energy density of
components (
ρφ
ρ0φ
)
=
(
a
a0
)
−β
(13)
and
ρm
ρ0m
=
(
a
a0
)
−3(1+ωm)
+
βρ0φ
ρ0m [β − 3 (1 + ωm)]
[(
a
a0
)
−3(1+ωm)
−
(
a
a0
)
−β
]
(14)
Where β = α + 3(1 + ωφ).
If φ˙ → 0 i.e. for constant φ we get ρφ → ρλ → someconstant and in this approximation
tacyonic scalar field (TSF) mimics the cosmological constant. In the case of when TSF behave
as cosmological constant then we have β = α. Hence we have following expressions
ρλ
ρ0λ
=
(
a
a0
)
−α
(15)
ρm
ρ0m
=
(
a
a0
)
−3(1+ωm)
+
αρ0λ
ρ0m [α− 3 (1 + ωm)]
[(
a
a0
)
−3(1+ωm)
−
(
a
a0
)
−α
]
. (16)
4 Functional form of scale factor
In this section we investigate the evolving expansion scale factor under approximation of inter-
action proportionality constant term. We consider following approximations:
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4.1 For α = 0
From the Friedmann equations (2) with scaling solutions (15) and (16) we have
H =
√
8piG
3
√
(ρ0λ + ρ
0
mx
−3(1+ωm) (17)
where x = a
a0
with present scale factor is a0. Expression (17) gives
dt =
Adx
x
√
1 +B2x−3(1+ωm)
(18)
where,
A =
√
3
kρ0λ
(19)
and
B =
√
ρ0m
ρ0λ
. (20)
Solving (18) for t and then x we have
t =
2A
3(1 + ωm)
tanh−1
√
1 +B2x−3(1+ωm) (21)
and
x =
[
B−1 − B−1tanh2
(
3(1 + ωm)t
2A
)]
−
1
3(1+ωm)
. (22)
4.2 For α 6= 0 :
In this approximation we have following expressions
dt =
A′dx
x(1−
α
2
)
√
1 +B′2xα−3(1+ωm)
(23)
where,
A′ =
√
3(1 + ωm)− α
kρ0λ(1 + ωm)
(24)
and
B′ =
√
3(1 + ωm)ρ0m − α(ρ0λ + ρ0m)
3(1 + ωm)ρ0λ
. (25)
Solving (23) for t and x we have
t =
2A′
(−1)nB′α′ [α− 3(1 + ωm)]
[√
1 +B′2xα−3(1+ωm) 2F1
(
1
2
, n,
3
2
,
(√
1 +B′2xα−3(1+ωm)
)2)]
(26)
where,
α′ =
α
α− 3(1 + ωm) & n =
α
2
− 3(1 + ωm)
α− 3(1 + ωm) (27)
By the definition of hypergeometric functional series [24] we have
2F1(a, b, c, z) =
∞∑
m=0
(a)m(b)m
(c)m
zm
m!
(28a)
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where,
(a)m =
{
1 m = 0
a(a + 1)..(a+m− 1) m > 0 (28b)
By expanding Eq.(26) we get,
t =
2A′
(−1)nB′α′ [α− 3(1 + ωm)]
(√
1 +B′2xα−3(1+ωm) +
1
3
n
(
√
1 +B′2xα−3(1+ωm))3
1!
+
1
5
n(n+ 1)
(
√
1 +B′2xα−3(1+ωm))5
2!
+ ...
)
(29)
when α = 0 from Eq.(27) we get, n = 1, α′ = 0 A′ = A and B′ = B. Hence, Eq.(29) the series
reduces as in following form,
tanh−1
√
1 +B2x−3(1+ωm) =
√
1 +B2x−3(1+ωm) +
1
3
(
√
1 +B2x−3(1+ωm))3
+
1
5
(
√
1 +B2x−3(1+ωm))5 + ... (30)
from Eq.(30) on Eq.(29) we get,
t =
2A
3(1 + ωm)
tanh−1
√
1 +B2x−3(1+ωm) (31)
When α −→ 0 then Eq.(29) reduces to the form given in Eq.(21).
5 Age of the universe
The age of the universe has been discussed [12] by considering two phase(non interacting and
interacting dark energy) evolution of the universe. Recent data [25] provide the present value
of Hubble parameter H0 is approximately 67.66± 0.42 km/s/Mpc and the normalized density
parameters are, Ωλ = 0.6889 ± 0.0056, Ωm = 0.3111± 0.0056. In this section we estimate the
age of the universe with and without coupling between matter and tachyonic scalar field (as a
candidate of dynamical dark energy).
5.1 Without interaction (α = 0)
One can found the cosmic age in the absence interaction from (18) as
ta =
∫ x
0
Adx
x
√
1 +B2x−3(1+ωm)
. (32)
We have the age of the universe, ta ≈ 0.9543tH0 ≈ 13.52Gyr for H0 = 67.66kms−1Mpc−1,
Ω0λ = 0.6889 and Ω
0
m = 0.3111.
5.2 With interaction (α 6= 0)
In the presence of interaction age of the universe can be found from (23) and it can be found
[26] as follow
ta(x) =
∫ x
0
dx′
x′H(x′)
(33)
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Table 1: Age of the universe t for different values of coupling constant α. It is observed that
for α ≤ 0.9 the age of universe increasing for known Ω0λ = 0.7 and Ω0m = 0.3 and for α > 0.9
age of universe appears as a complex quantity which is irrelevant. Thus we can estimate value
of α should be in the range 0 ≤ α ≤ 0.9.
Coupling coefficient(α) Age of the Universe in Gyr ≈
0 0.964
0.1 0.981
0.2 1.001
0.3 1.024
0.4 1.052
0.5 1.088
0.6 1.134
0.7 1.199
0.8 1.311
0.9 2.222
which can be modified as,
ta(x)
tH0
=
∫ x
0
dz′
x′E(x′)
(34)
where z is redshift, E(x) = H(x)
H0
and x = a
a0
respectively. Using (2), (15) and (16) for ωm = 0
we have,
E(x) =
√(
Ω0m +
α
α− 3Ω
0
λ
)
x−3 − Ω0λ
(
3
α− 3
)
x−α. (35)
Thus, (34) gives,
ta(x)
tH0
=
∫ 1
0
dx′√(
Ω0m +
α
α−3
Ω0λ
)
(x′)−1 − Ω0λ
(
3
α−3
)
(x′)2−α
. (36)
The cosmic age of universe in the presence of coupling α for its various numerical values
(from α = 0 to α = 0.9), given in the following Table (1) and (2) for Ω0λ = 0.7 and Ω
0
m = 0.3
and Ω0λ = 0.6889 and Ω
0
m = 0.3111.
6 Conclusion
In this article we study the evolution of scale factor in two interacting components(matter and
dark energy) in the flat universe. Spatialy homogeneous Tachyonic scalar field is consider as
candidate of dark energy. In the interacting dark energy model we consider the two component
mutually coupled via coupling parameter Q and transfer of energy between them to violate the
local conservation of energy while the total energy of components are conserve. In the absence of
fundamental theory of dark sector the choice of coupling parameter is purely phenomenological.
We calculate the age of the universe in interacting dark energy model and given in the table1and
2. It is observed that the coupling coefficient between the components increases then the age
of the universe also increases. On the other hand, as we try to increase the coupling coefficient
α from 0.9 we have the age of the universe coming out to be imaginary which is non-physical
situation. This leads to upper bound of coupling constant α should be less than 1.
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Table 2: Age of the universe t for different values of coupling constant α. As it is observed
that for α ≤ 0.9 the age of universe increasing for known Ω0λ = 0.6889 and Ω0m = 0.3111 and
for α > 0.9 age of universe appears as a complex quantity which is again irrelevant.
Coupling coefficient(α) Age of the Universe in Gyr ≈
0 0.964
0.1 0.970
0.2 0.989
0.3 1.010
0.4 1.036
0.5 1.068
0.6 1.109
0.7 1.166
0.8 1.254
0.9 1.459
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